quadratic tracking approach. Referring to Roll, the procedure can be labelled as tracking error-variance (TEV) optimisation. Recently, Chow (1995) proposed a target function, which includes both an EV and a TEV component.
Introduction
The application of the portfolio optimisation framework put forward by Markowitz has experienced a long history of controversial discussion. In particular, instead of implementing the classical mean-variance (EV) approach, managers frequently happen to optimise their portfolios in order to replicate the return characteristics of a given benchmark portfolio. Frequently, the goal is to minimise an objective function, which represents the variance of the return difference between the managed portfolio and the benchmark. Hodges (1976) , Rudd and Rosenberg (1979) , Markowitz (1987) , Roll (1992) , Sharpe (1992) and Chan et al. (1999) influencing perceived utility. In this framework, utility associated with the outcome of a decision (received assets) is measured with reference to the outcome of a hypothetical, alternative choice (foregone assets). If the outcome of the actual lottery -realised portfolio wealth -is low as compared with the outcome of the alternative lottery -hypothetical wealth generated by some benchmark portfolio -the decision maker experiences regret. Reflection about how much better his/her position would have been if he/she had chosen the alternative decision lowers his/her subjective utility level. Conversely, when the actual lottery pays off more than the hypothetical lottery, the decision maker may experience additional utility since he/she has taken a superior choice.
Model assumptions
In a one period setting, consider the selection of a portfolio from a universe of N risky assets i. The vector of portfolio weights is written as x ϭ (x i ) Nϫ1 . Applying discrete compounding, denote period returns as r ϭ (r i ) Nϫ1 , expected returns as ϭ ( i ) Nϫ1 , and variances and covariances as V ϭ ( ij ) NϫN . Expected returns i are assumed to be different at least for one pair of assets i and j. The matrix V is symmetric and positive definite. Furthermore, given initial wealth w at the beginning of the period, let W P denote the final wealth after one period which results from an investment in the managed portfolio P: W P ϭ w(1 ϩ r P ), where r P ϭ xr. Now introduce the benchmark portfolio B. In particular, assume that the benchmark portfolio is capitalisation weighted. The vector of benchmark portfolio weights b ϭ (b i ) Nϫ1 with b1 ϭ 1 (where 1 ϭ (1) Nϫ1 ) contains weights proportional to the total amount where the solution follows analogous to the classical Markowitz case (cf. Roll, 1992) .
In the following, it is shown that the EV and TEV optimisation target functions are in fact much more related than previously believed. It is possible to formulate a general framework for portfolio selection on theoretical grounds, where, as also pointed out by Hodges (1976) and Clarke et al. (1994) , the underlying concept fundamentally differs from EV theory. The paper derives an analytical solution to the problem denoted as mean-variance-covariance (EVC) criterion and shows that it includes both optimisation approaches as special cases. Kahneman and Tversky (1979) find experimentally that average decision behaviour in various situations cannot be described by the normative axioms of von Neumann and Morgenstern. According to the authors, a descriptive utility theory should measure utility as a function of relative levels of wealth rather than absolute levels. A model of portfolio selection in which wealth is measured relative to a given benchmark portfolio, will be based on a behavioural approach to decision making. Bell (1982) and Loomes and Sugden (1982) independently developed a corresponding theory of decision making under regret. 1 According to the above authors, utility is defined as an individual psychological perception, which is measured in a multiattribute utility setting. Decision makers measure their individual utility as a function of the realisations of more than one random variable.
A behavioural model of portfolio selection
2 Regret theory specifies a two-attribute utility function where the decision maker faces a trade-off between two attributes both w B , utility U is decreasing or stays constant. Other things equal, a higher level in wealth generated by the investment alternative never makes the decision maker better off. The second-order derivative in (5) measures the change in regret with respect to an infinitesimal change in portfolio wealth w P . Other things equal, regret decreases or stays constant for an infinitesimal increase in final portfolio wealth w P .
Problem formulation
Under the regret model, the decision maker is now choosing a portfolio whose weights sum to unity. He or she is assumed to maximise the expected value of the utility function U(w P , w B ), where a second-order Taylor series expansion is a sufficient approximate description of investment preferences. Forming a series expansion of U around the value U[E(W P ), E(W B )] and taking expectations yields the following problem formulation: Within this setting, let the decision maker possess a multi-attribute utility function U ϭ U(w P , w B ) which is twice continuously differentiable.
5 Generally, one can measure regret by the change in utility U with respect to a change in hypothetical final wealth w B . Referring to infinitesimal rates of change, define regret as:
In the following, restrictions have to be imposed on the general form of the utility function U. Equivalent to the classical setting, utility is assumed to be a strictly increasing concave function of final wealth w P . That is:
The economic interpretation of restrictions (2) and (3) is non-satiation and risk-averse behaviour. With respect to regret R, assume that the utility function obeys the following restrictions:
Inequality (4) states that regret is assumed to be non-negative. Given an infinitesimal increase in alternative wealth
Applying the results of efficient set mathematics (see Appendix A2), one can derive the solution to problem (8).
11 The optimal vector of portfolio weights is
In this solution, q 0 P and q 0 B denote the weights vectors of two EV-efficient portfolios. The corresponding portfolios, denoted P and B, have return expectations equal to those of the optimal portfolio P, given by E(r P ) ϭ x 0 Ј, and the benchmark portfolio B, given by E(r B ) ϭ bЈ, respectively. Hence, the optimal solution (9) can be characterised as a linear combination of the benchmark portfolio weights and the weights of two EV-efficient portfolios. The return expectation of those EV-efficient portfolios equals the expected portfolio return and the expected benchmark portfolio return, respectively.
Implications of the optimal solution
The optimal portfolio weights given by (9) correspond to a portfolio return expectation of E(r P ) ϭ E P . As shown in Appendix A3, the variance of the portfolio returns, Var(r P ), is given by
The variance of the tracking error,
The solution (9) to the EVC problem can be thought of as the EV-efficient solution plus a correction term. The latter is composed of the difference between the weights of an EV-efficient equivalent to maximising expected portfolio wealth. Furthermore, the third term in Equation (6) is constant. Using 1 and 2 as constants (denoting the value of the derivatives), a convenient reformulation of problem (6) is:
x:x T 1=1 Risk aversion as stated by assumption (3) requires that 1 > 0. Non-increasing regret as formulated by assumption (5) implies 2 Ն 0. Problem (7) requires the maximisation of a preference functional that includes return expectation, variance and covariance. It can therefore be labelled as 'EVC criterion'.
The corresponding optimisation problem
The maximisation of the functional given in (7) can be reformulated as an optimisation problem where the task is not to obtain a single global optimum, but a set of several optimal solutions.
9
When expected portfolio returns are set equal to a constant E P , the minimisation problem without restrictions on short sales can be written as:
From problem definition (7), the parameter is given as: ϭ 2 / 1 Ն 0. The case ϭ 0 is equivalent to the EV approach, whereas the case ϭ 1 is equivalent to the TEV approach (see also Appendix A1). All other admissible values of give a further range of optimal portfolio choices. Note that the solution of (8) under an additional constraint on the portfolio beta will obviously yield a (beta-constrained) EV-efficient portfolio.
determined numerically within the model.
Graphical illustration of optimal portfolio choices
A graphical illustration of the relation between expected return and the standard deviation of returns as well as the standard deviation of tracking error is given in Figures 1-3 .
13 Figure 1 gives a representation of the relation between risk and expected return, where risk can either be standard deviation of return or standard deviation of tracking error. Note that the standard deviation of tracking error can become zero, whereas the standard deviation of return is strictly positive.
14 In the example, 15 per cent volatility of benchmark portfolio and the observable benchmark portfolio weights. This means that for a given parameter value , the optimal x 0 will show a larger deviation from the EV-efficient solution if the weights difference is large and vice versa.
Another way to express this result is that a difference between private and public information yields an adjustment in optimal portfolio holdings if the investor is regret averse and the benchmark portfolio is inefficient. This also yields the following testable model implication: Given private information on and V, and an EV-inefficient benchmark portfolio, regret-averse investors will choose EV-inefficient optimal portfolios, where, given an upper bound on acceptable variance of tracking error, the degree of inefficiency can be Volatility/expected Return Planes capitalisation-weighted average of all managers' optimal portfolio weights must equal the benchmark portfolio weights. Under this condition, equilibrium exists if and only if not all managers are TEV minimisers (see Appendix A4). This result is intuitive: There cannot be equilibrium if all managers are indexers. If some managers use their information about the distribution of future returns not only to minimise variance of tracking error, however, an equilibrium vector b exists, and those managers will generate publicly available information.
This shows that EVC optimisation allows the decision maker to use two types of available information: First, public information that is revealed by equilibrium capitalisation weights b; secondly, private information and V, which motivates deviations from given capitalisation weights. It also shows that tracking error can be traded off against roughly 5 per cent of return volatility. Figure 2 gives a representation of the classical EV-efficient frontier in three dimensions: Starting from the minimum variance portfolio, higher expected return increases both return and tracking error volatility. Figure 3 is the result of repeated optimisations where varies in the interval [0;1]. The trade-off between return and tracking error volatility is visualised by the curvature of the iso-expected-return lines. EVC-efficient portfolios are located on the upper half of the surface.
Equilibrium aspects of the model
The optimal solution of the EVC model can be further examined in a multiple investor setting. In equilibrium, the principal/agent perspective, a rational von Neumann/Morgenstern agent will form probability beliefs and choose an EV-efficient portfolio. Hence, portfolio optimisation with respect to a benchmark does not induce agents to make rigid use of their private information. Basically, it reduces the extent to which their private information is used in the portfolio selection process. 15 For this reason, regret behaviour in real-world decision problems is strongly related to the problem of forming inputs to the decision process. One can think of the following arguments:
-Lack of private information: The decision maker does not form probability beliefs about the return distribution of single assets in the investment universe. There are two possible reasons why he or she lacks the role of the covariance of asset returns with a benchmark portfolio becomes somewhat ambiguous in equilibrium. On the one hand, covariance relates to systematic risk in classical theory, and on the other hand, covariance also contributes positively to utility in the behavioural model.
Some thoughts on regret behaviour
The model of regret behaviour can be interpreted as a framework where individual private information is used together with the information given via the weights of a capitalisation weighted benchmark index. In the descriptive model proposed, a portfolio manager may discover that, after he/she experiences the outcomes of various choices taken, a well-defined decision alternative would have been preferable. Therefore, he/she is willing to incur a trade-off in order to reduce possible regret. As a result, the optimal portfolio choice incorporates private information about expected return and risk, as well as common information which is readily contained in benchmark portfolio weights. In this setting, regret-averse managers will choose EV-inefficient optimal portfolios. Notes 1 Bell (1982) provides several examples of empirically observable decision behaviour, which is irrational in the sense of classical theory but can be explained by regret theory. A famous case is Allais' paradox. 2 See Keeney and Raiffa (1976: Chapters 3 and 5) . 3 This assumption is not necessary for the mathematical derivation of the model. It is an economically reasonable assumption, however. Note that a capitalisation weighted benchmark portfolio represents the average portfolio of all the agents in the given market. Without making any further assumptions, capitalisation weights will contain aggregate information about expected returns. 4 This is an assumption of the standard portfolio selection model: Individual demand does not affect prices. Hence, it does not affect expected returns or capitalisation weights. 5 The function assigns a scalar value to each pair of realisations (w P , w B ) such that the decision maker prefers a pair (w P,1 , w B,1 ) as compared with another pair (w P,2 , w B,2 ) or is indifferent between them if and only if: U(w P,1 w B,1 ) ՆU(w P,2 , w B,2 ). The decision maker will maximise expected utility as in the classical setting. See Keeney and Raiffa (1976: Chapter 3) . 6 This definition corresponds to the general interpretation by Loomes and Sugden (1982: 808) . As a simplification, Bell (1982: 966) and Loomes and Sugden (1982: 809) propose a measure of regret the information input: (a) There is no opportunity to generate private information (ie the decision maker does not face a decision problem under risk). (b) The agent sees no necessity to generate private information: In an ideal setting where trading takes place only in response to information about fundamental value, market prices fully reflect the aggregate information of all agents. Therefore, without having superior information and assuming that trading for reasons other than information does not have a systematic influence on prices, the index portfolio represents an approximately efficient investment alternative.
16
-Noisy private information: The agent forms private probability beliefs about the return distribution of single assets. These inputs, however, are subject to estimation error. Apart from the application of Bayesian inference methods in order to account for the standard errors in the estimates, the investor may choose heuristic approaches to take account of the uncertainty in his/her estimates. These include constraints on the asset weights or using the information given by the weights of a capitalisation weighted benchmark portfolio.
17

Conclusion
Portfolio optimisation with respect to a benchmark is not only a variant of EV optimisation. It will therefore never be efficient in the sense of classical rational behaviour. In real-world decision problems, there is reason to believe that axiomatic behaviour is violated and that decision makers face serious problems when they have to form probability beliefs about the distribution of future wealth.
16 Here 'efficient' refers to both, informational and EV efficiency. Grossman (1995) argues that indexation will only be optimal if the arrival of information is the only reason for trading. As real-world markets also exhibit liquidity-and hedging-motivated trading, indexation will usually be suboptimal. Another theoretical argument for indexing would be that asset-pricing models suggest that only covariance risk is priced in the economy. Then, controlling for covariance with a market proxy implies controlling expected portfolio return. The most convincing argument from a practical viewpoint is empirical evidence which suggests that holding a well-diversified index portfolio provides a long-term risk/return trade-off that is not dominated by the average of actively managed equity funds. 17 For a description of different implicit applications of the multi-attribute utility optimisation framework refer to Chow (1995) , Wagner (1998) and Zhang (1998) , for example.
that is related to the difference between received and foregone assets. 7 This is a local approximation argument analogous to the well-known justification of the EV approach. A more restrictive assumption would be that the utility function U is quadratic or that asset returns are multivariate normal. Note that the first-order derivatives in the Taylor expansion yield an expected value of zero. 8 Since final wealth has been defined as a linear function of portfolio return, the moments of the distribution of final wealth can equivalently be written as moments of the return distribution. Note that the target function (7) extends the classical EV approach by a covariance term. Hence, it takes the classical (absolute) risk/(absolute) return trade-off into account. 9 As a way of doing this, one may interpret 1 and 2 as parameters and give the solution to the problem for various combinations of 1 and 2 . Alternatively, one can set one term of the target function equal to some parameter value and solve a constrained problem repeatedly for various choices of the parameter and given values 1 and 2 . The latter method is described here. 10 Solving (8) for given portfolio beta ␤ ϭ xЈVb/bЈVb, where b ϭ const., is a standard beta-restricted EV problem. See Roll (1992) for a discussion of the EV-efficiency of beta constrained TEV portfolios. 11 Note that the first-order conditions for maximising (7) under the portfolio constraint and those of problem (8) differ with respect to the introduction of an additional Lagrange multiplier for the return constraint in problem (8). The optimality conditions for problem (7) represent a specific case where this multiplier is set constant. 12 Note that portfolio return variance (10) is equal to the variance of the EV-efficient portfolio with return expectation E P plus two additional terms. The first term depends on a difference in covariance and the second depends on the variance of the return differences between the real and the EV-efficient benchmark portfolio. 13 The graphs are based on a numerical example with real-world estimated covariance and expected return data. 14 The former follows since a perfect replication of the benchmark portfolio yields a zero tracking error. The latter follows since V is positive definite, ie no riskless asset is considered. 15 Admati and Pfleiderer (1997) address the problem of delegating portfolio selection decisions to a portfolio manager. They consider a principal/agent framework, where information about the distribution of asset returns is given conditionally on the arrival of a stochastic private signal. The authors show that one effect of introducing a benchmark portfolio is to hinder management from complete usage of its information. Furthermore, benchmark orientated portfolio selection can be shown to be inconsistent with optimal risk sharing under von Neumann/Morgenstern utility.
positive definite -such that the return variances of arbitrary portfolios exist -a unique minimum results for problem (8).
Setting up the Lagrangian
yields the first-order conditions
and hence
Inserting (A2.3) in the constraints (8.2) and (8.3) and applying bЈ1 ϭ 1, bЈ ϭ E B , results in the following linear system of equations
where c 1 ϵ 1ЈV -1 1, c 2 ϵ 1ЈV -1 and c 3 ϵ ЈV -1 (note that V is symmetric). Deriving the solution of (A2.4) defining d ϵ c 1 c 3 Ϫ c 2 2 and inserting the resulting Lagrange multipliers in (A2.3) yields:
Rewriting and thereby defining the vectors g and h gives:
This representation of the optimal portfolio weights vector can be rearranged as:
Note that the first and the second term on the right-hand side of the above portfolio. Since the capitalisation weights b follow from the decisions of all managers, the vector b is now endogenously determined. The weight of manager k is:
Summing solution (9) over all managers yields the capitalisation-weighted average:
Imposing the equilibrium condition b ϭ x 0,M gives the solution for the benchmark portfolio weights
which are economically reasonable if b > 0. The equilibrium weights of the benchmark portfolio vector b are given as a combination of individually EV-efficient portfolio weights. Note that the equilibrium vector b is not defined when k ϭ 1, ᭙k. This result does not depend on the level of the chosen return expectation E P for each manager k.
Remark: Under homogenous expectations (ie when all managers happen to have identical beliefs concerning the distribution of future returns given by and V) the benchmark portfolio will be EV-efficient, ie B ϭ B (see Black, 1972) . In this case, the EVC model for regret-averse investors with k [0;1] yields EV-efficient optimal portfolios. equation are identical to the optimal weights vector solution for the corresponding EV problem with return expectation E P (see eg Merton, 1972) . Choosing E B as expected return, the same is true for the two terms within the inner parenthesis in (A2.5).
Appendix A3: Variance of returns and variance of tracking error of an optimal EVC portfolio
The result for the variance of portfolio returns Var(r P ) follows from (9) 
